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Lecture 1 - Monday, January 9



Lecture

Solving Problems via Data Structures

Searching
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Lecture 2 - Wednesday, January 11



Lecture

Solving Problems via Data Structures

Routing & Compiler
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Lecture

Reviews on Recursion

Principle, Implementation, Tracing



Solving a Problem Recursively

Given a small problem: Solve it directly: 

Given a big problem: 

Divide it into smaller problems: 

Assume solutions to smaller problems:

Combine solutions to smaller problems:

I subproblem
strictlysmallercase

Δ Δ infinite

⑥remainearon each subproblem#1
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Runtime Stack

Tracing Recursion via a Stack

->
methodins↓

method
all



Recursive Solution: Fibonacci Numbers

F = 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, …
0 12....
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Example: fib(4)

Recursive Solution in Java: Fibonacci Numbers

Runtime Stack

↓
Exercise:fbli,restock



Say a1 = {}, consider m(a1)

Say a2 = {A, B, C}, consider m(a2)

Recursion on an Array: Passing new Sub-Arrays
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Call big values:Reference Type
m (Person p.)
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Say a1 = {}, consider m(a1, 0, a1.length - 1)

Say a2 = {A, B, C}, consider m(a2, 0, a2.length - 1)

Recursion on an Array: Passing Same Array Reference
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Problem: Are All Numbers Positive?
universalproperty

aso. GEX:False. P(X)Truerecusive helper method-
existential prop

B.C. from to

Ge NN"Thereapositee-
Empty ay:all elements are positive (ine)

"no way to find a witness to show otherwise



Lecture 3 - Monday, January 16



Announcements

• Assignment 1 to be released next Monday
+ Background Study: Basic Recursion
+ Background Study: Call by Value
+ Look ahead: WrittenTest1 library).
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Tracing Recursion

1. Stack (factorials fib >

2. tres-like drawing



Tracing Recursion: allPositive

Say a = {}

allPositive(a)

allPH(a,0,-1)

.... along-l
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Tracing Recursion: allPositive

allPositive(a)

allPH(a,0,0)

a[0] > 0

Say a = {4}
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Tracing Recursion: allPositive

Say a = {4,7,3,9}

allPositive(a)

allPH(a,0,3)

allPH(a,1,3)

allPH(a,2,3)

allPH(a,3,3)

a[0] > 0

a[1] > 0

a[2] > 0
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Tracing Recursion: allPositive

allPositive(a)

allPH(a,0,3)

allPH(a,1,3)

allPH(a,2,3)

allPH(a,3,3)

a[0] > 0

a[1] > 0

a[2] > 0

Say a = {5,3,-2,9}
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Lecture

Asymptotic Analysis of Algorithms

Measuring Running Time via Experiments
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Lecture 4 - Wednesday, January 18



Announcements

• Assignment 1 to be released next Monday
+ Background Study: Basic Recursion
+ Background Study: Call by Value
+ Look ahead: WrittenTest1



Lecture

Asymptotic Analysis of Algorithms

Counting Primitive Operations
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Method Call
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Example 1: Counting Number of Primitive Operations

Q. # of times i < n in Line 3 is executed?

Q. # of times loop body (Lines 4 to 6) is executed?

e.g. intal] =92,3,4,5 ->findMax (as alength)
*

2
# -
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Example 2: Counting Number of Primitive Operations

Q. # of times Line 3 is executed?

Q. # of times loop body (Lines 4 to 8) is executed?

Q. # of POs in the loop body (Lines 4 to 8)?

N

(Exercise)



From Absolute RT to Relative RT constant
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Lecture 5 - Monday, January 23



Announcements

• Assignment 1 to be released tonight

↳ squs -fpm



Lecture

Asymptotic Analysis of Algorithms

Asymptotic Upper Bound
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Asymptotic Upper Bound: Big-O

Example:
f(n) = 8n + 5
g(n) = n

Prove:
f(n) is O( g(n) )

Choose:
c = 9
What about n0?
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Asymptotic Upper Bound: Example

g(n) = n

f(n) = 8n + 59 * g(n) = 9n

5

45

5

fcus is 0(g(n>>

#mimosabyg (n)
↳ there's not
such no sit.



RT higestpower

f(n)=5- 10+113+2n+11 +1.
(1) Guess:f(n) is 0(u4)

(2) Trove:
choose 2:(51 +(3) +() +(4) +11)=
choose No:



Lecture

Asymptotic Analysis of Algorithms

Asymptotic Upper Bounds 
of Math Functions



Asymptotic Upper Bounds: Example (1)↑
1by
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Lecture 6 - Wednesday, January 25



Announcements

• Assignment 1 released:
 + Tracing Recursion:

- Paper: Call Stack vs. Tree
- Debugger in Eclipse

+ Help: Scheduled Office Hours & TAs
+ Look ahead: WrittenTest1



Proving f(n) is O( g(n) )
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Asymptotic Upper Bounds: Example (2)

#TTTT

Terive and thethe most accurateasympotic U.S. of

the above function.

(1) 8(13)
12) Trove by choosing:C =(501 +(10) +15) =

5

10 =1 C.g(1) =35.p = 35
-

Verify:f(1)<C.g(1) f(x) =20.3+10.1.log1 +5 =15



Asymptotic Upper Bounds: Example (3)

④=2.hgn
+2.n

(18(r)
its Prove by choosing:C=(31 +(2) =5

10 =1
failed

Verify f(x) =2.9(1) ①led =(s) +(3) = 5

f(x) =3.lg1 +2 =2
no =2

(exercise!)
C.g(1) =5.log1 =0



Asymptotic Upper Bounds: Example (4)
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Asymptotic Upper Bounds: Example (5)

* Exercise



Running Time vs. Input Size: Common Rates of Growth
21 =U.(n-1)..-
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Lecture

Asymptotic Analysis of Algorithms

Asymptotic Upper Bounds
of Implemented Algorithms



Determining the Asymptotic Upper Bound (1)
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Determining the Asymptotic Upper Bound (2)
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Determining the Asymptotic Upper Bound (3) [a,b]
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Lecture 7 - Monday, January 30



Announcements

• Written Test 1 guide released
+ EECS account login (for WSC computers) 
+ PPY account + Duo Mobile (for eClass)

• Assignment 1 due in a week:
 + Tracing Recursion:

- Paper: Call Stack vs. Tree
- Debugger in Eclipse

+ Help: Scheduled Office Hours & TAs

x &
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Determining the Asymptotic Upper Bound (3) [a,b]
=b -a+1
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Determining the Asymptotic Upper Bound (4)
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Determining the Asymptotic Upper Bound (5)
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Lecture

Arrays vs. Linked Lists

Asymptotic Upper Bounds 
of Array Operations
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Inserting into an Array

Example: 
insertAt({alan, mark, tom}, 3, jim, 0)

0 1 2a

result 0 1 2 3

Example: 
insertAt({alan, mark, tom}, 3, jim, 1)

0 1 2a

result 0 1 2 3

Exercise: insertAt({alan, mark, tom}, 3, jim, 3)

objectcreation:O(K copy inputio] where insert.
to

↑ 3 inputi-17 [sult
worst
case:

-

⑦
① ↓ I

==
1

7 90 GE.K
=8(n)

Immun40..00 1

manu 000 o((n -1).1) =8(n)
[i+1,n] =u- (i+1)1
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G ati-1] to result ati) worst sasf:I==0
/

resultTo] =a[o]; result[z]
=aTi]

is dlength result (1] =jims regul+[3]az]T
①

↑mel-M8(1 +1 +1 +1
+1

markforrates
& & d =8(2n+3) & =acj-1]
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Lecture

Arrays vs. Linked Lists

Selection Sort vs. Insertion Sort



Sorting Orders of Arrays

non-descending

i (index)

a[i] (value)

0 1 2 3 4

a

decreasing/descending

i (index)

a[i] (value)

0 1 2 3 4

a

0 a.length - 1i j

a

i (index)

a[i] (value)

0 1 2 3 4

a

increasing/ascending

i (index)

a[i] (value)

0 1 2 3 4

a

non-ascending

aTi] ·
aTi]

. aTj] aij]<
· aTj] at]<

cij]
atzis

- .... ali]
(no duplicates]

(no
duplicates

->54321 ->(2345

non-descending
WaTi] == W

=isendinga aiji /cij]

>(a5] > a55] duplicates.Noreadail<aT =*
= aii]$,a5j] -12734-45



Lecture 8 - Wednesday, February 1



Announcements

• Written Test 1 guide released
+ EECS account login (for WSC computers) 
+ PPY account + Duo Mobile (for eClass)
+ Practice Questions & Review Session Survey

• Assignment 1 due soon!
+ Help: Scheduled Office Hours & TAs



Selection Sort

0 1 2 3

0 1 2 3

Keep selecting minimum from the unsorted portion 
and appending it to the end of sorted portion.

unsorted
sorted0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 iterations (need to choose min 1 times).

⑤
①

selectionon14.1 z. coverstand
on is

empty) (n+1).4
at] =

electriitz n
O(U.1 +AC.)

It
is

3.14 I n- 1
mil." Atdingsemin:n-

eleciminiet
2 n-2 append:&

=0(n))

sits] 314 #I



in-place sorting
↳ sorting procedure operates

directly on the original input away.



Insertion Sort

0 1 2 3

0 1 2 3

Keep getting 1st element from the unsorted portion 
and inserting it to the sorted portion.

unsorted
sorted0 1 2 3

0 1 2 3

0 1 2 3

#iterations (for choosing):1

⑤
insertatis4lecansteetingsubato

sizesfor insertion
in

~"sitfor thelast iteration.
inserti
↑41its:2 10(4.1+)(n-1))ati]Iinsert: size
↓ 1ghoosingred insertions

insert: element
=0(?) =

22] 14 hose:7193
inset:(n -1)
aris



Selection Sort Insertion Sort
0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3



Selection Sort: Deriving Asymptotic Upper Bound

- > Clength
1.

-

T
-

1-
i1

I ↑
I OCK-1

+.. +1).The↓
#combinations

of outer 16-8 of TsJ 25Finpofise=oces=osloop

n110



Insertion Sort: Deriving Asymptotic Upper Bound
Exercise



Selection Sort in Java

0 1 2 3a

i inner loop: j from ? to ? midIndex at L6 after L6 - L8, a becomes?

Outer Loop:
At the end of each iteration 
of the for-loop, 
a is sorted from a[0] to a[i].

Inner Loop: select the next min from a[i] to a[n - 1] 
and put it to the end of the sorted region.

0 1 2 3a

0 1 2 3a

IF

WE



Insertion Sort in Java

i current after L3 j at L8 after L8, a becomes?

0 1 2 3a

Outer Loop:
At the end of each iteration 
of the for-loop, 
a is sorted from a[0] to a[i].

Inner Loop: find out where to insert current into 
a[0] to a[i] s.t. that part of a becomes sorted.

0 1 2 3a

0 1 2 3a

0 1 2 3a

if

=

¥1T



Lecture

Arrays vs. Linked Lists

Singly-Linked Lists -
Intuitive Introduction



Singly-Linked Lists (SLL): Visual Introduction

- A chain of connected nodes
- Each node contains: 
    + reference to a data object
    + reference to the next node
- Accessing a node in a list:
    + Relative positioning: O(n)
    + Absolute indexing: O(1)
- The chain may grow or shrink dynamically.
- Head vs. Tail

((X()

1=n1))
head:1st node

#lar: each node has head.next:"And mode
->

a i=xu)unique head.next.next:3rdnodesuccessor

head, data:"Alan"
* head, nextdata:"Nark"

head, next. next, data:"Tow"
"head.next. next.next
ihead.next.naXt.neXt.data

nead
↓

mode next next next
data s data

↓

dath Pull nullullPointerExcep
↓..Alan" ↓

"Had" ↓"Tour"



Friday, February 3

Written Test 1 Review 



*kan onlyexecuted before outer loop exits ( i=1 i<1

Count # ofPrimitive Operations
whelj=n)

7

!
T
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M F

2 pi=1+1
->

1. # times i<n evaluated?
·

2. At times bodyof loopexec?A

I 15=5
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.*
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jentg.n+12...n- 1 i I
M+
= ?



24 +2) +18 +15 +1
-

Count # of Pos =
C 24 +12)*5 (n+1) +1+(1-1) +..+2.

z =
((n+1) +2).2

how moving times?
2

I i =i+1
-n +(n+1+..+1↑v
=

(n+1).2

&
sum=suult

3 ↳ When
I

is between8 and n-1,
I I JC is evaluated between 1 and M.

j(-1 +1 +1 +
((n+1+2).4

0 12...(n - 1) n .. 2

12...(n-1) M EO JF T<M -

2...(n -1) n jx

" (n+1).n.3·i (n-1)n tizTthnte25
TcM

+ 1 = ?



I

6)
for (atj =1555E1ij ++35

-

for (int 1 =i+15/ =1ik ++

1 - (i+1
+1

I 2+ 1 i2... H
3 7 i

+1 i+1 ...

(1 -T). T

3 i- 1 i+ 1 i... 1
=1x-constant
O(n)
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Lecture 9 - Wednesday, February 8



Announcements

• Released soon:
+ WrittenTest1 result (Friday or Monday the latest)
+ Assignment1 solution

• Assignment 2 to be released by the end of today or 
early tomorrow (Thursday)f
by
Thursday. To make upthe testtime on Monday,

videos will be released
an

↳ assumed by next Ned's class



Lecture

Arrays vs. Linked Lists

Singly-Linked Lists -
Java Implementation: String Lists
Initializing a List



Singly-Linked Lists (SLL): Visual Introduction

- A chain of connected nodes
- Each node contains: 
    + reference to a data object
    + reference to the next node
- Accessing a node in a list:
    + Relative positioning: O(n)
    + Absolute indexing: O(1)
- The chain may grow or shrink dynamically.
- Head vs. Tail

⑭NN int] a =ner intEy];
1=n1))

fixed length.
head:1st node

each node has head.next:"And node#lar:
a i=xu)

I->

unique head.next.next:3rdnodesuccessor

head, data:"Alan"
* head, nextdata:"Nark"

head, next. next, data:"Tow"
"head.next. next.next
ihead.next.naXt.neXt.data

nead
↓

mode next next next
data s data

↓

dath Pull nullullPointerExcep
↓..Alan" ↓

"Had" ↓"Tour"



ArayList library
↳ resizable array

↳ doubling

Linked- Lists
↳ good for implementing

specialized ops.



↑solute Indexing of Arrays
ale] -> OCI
jut.

Relative Positioning of L Ocr'getNodeStCEthrT ofas
a

↓
heads I 2 3

↓ ↓ ↓ ↓

↓ ↓ ↓ ↓
...



Runtime

Implementing SLL in Java: SinglyLinkedList vs. Node
w

->SKL ...,steps"
dere

G
11
. . .

.

- Node
x2/2.

W next
·

S

I
some other

node.



SLL: Constructing a Chain of Nodes

Approach 1

tom-mok -> alay.

mark mark

W toul theycan for
X

.. XX
mark

compiling'
Exist ne

X

W V W w -> Node tom =new Node (Town"smark);
w -

Node mark:Few Node ("Mark'salan);⑤ m

i
--

mark
Node alar:newMode(Alasmulk;
Node ton,atar,Node-islainas f. ->"Mark" f.

Node- "Tom"
- d. -> n. ->nx)/



SLL: Constructing a Chain of Nodes

Approach 2

Aliasing
↳an object's ref

being stored in multiple
variables.
1. tom

-> 2. mark.nextmak thip, alan "mark. 3. alah. next.nex
tool mal) tom

alon->wode "Alon"4.
(see next pg.)

2. ->
listhead, next.next.

-
S

-

·

·

①

n.

God-"Mark
·

->
-

alan, next =mark Minortodoele
mark, next =tom is n.full



Approach 1

SLL: Setting a List’s Head to a Chain of Nodes

1st-
head Anull

S sgoboskoepliasing).mark

atoday Node tor Node-"Tom"
->"Mark"i ->i ->nx)/

->
-- -d. initialize head todefaultwill



Approach 2

SLL: Setting a List’s Head to a Chain of Nodes

Node atanenter

incicixativesidenten
->"Mark" -

"Tom"atar,modesians
Node
i i->->n1)/

③ identical to Approach 1.



Lecture

Arrays vs. Linked Lists

Singly-Linked Lists -
Java Implementation: String Lists
Operations on a List



Trace: list.getSize()
current  current != null  End of Iteration size

SLL Operation: Counting the Number of Nodes

xaurentarrantatanatall
listgetSizes3.

↑>
sKL method

->
W

S xexitwill
7->

S alan alen!=null&current ==mark I
->
->->

=

&

mark mark!:will current = =tom z
-

tom tom!:WillICurrent==null -
/

wall will!=nulty ↓-

0(n)



head

↓

#FIN
⑦



Trace: list.getTail()
current  current != null  End of Iteration tail

SLL Operation: Finding the Tail of the List arranttail

farrentlavare curent
tails will ↳X

v
->

N
!

W
w

0(1)



SLL class

↳ head iTfoil]OSigsiE
↳ tail

↳ size

2

ja -



Lecture 10 - Monday, February 13



Announcements

• Assignment 2 released
+ Required & Recommended Studies
+ Looking Ahead: Programming Test 1

• Assignment 1 solution released



Assume

SiL class:sites? acs

Catch:for methods that mightimpact
the head, tail, or size of a SL,

the body of the method should

update these attributes accordingly.



SLL Operation: Inserting to the Front of the List

~ ↓
I

->↓ e ②-- ~ - =>

->- -
w head x-17

I - I attributes updated-

I -

7 E.

·

On ret if necessary.

empty SLL X
X
-

"
Est-Iispden# - -3-



⑬

X ③
- or

-b
* #D * A D
Evoid removeFirst) ( void addast(String e)
&

If size = =1 4 list. addlast ("Jim")

↳ after removals list becomes DaDe
↳ tail:null

empty,if Size = =0
addFirst.

If bit"throw some exception.
I



Trace: list.getNodeAt(2)
current   index  index < 2  Start of Iteration

SLL Operation: Accessing the Middle of the List

farrant - farrant of
current 2.nicede X

W
!
7 -

2↑
SLL class

⑪ &
I valid

-

- ↓*1 ->
exitindex,i

alan 0 0c 2 1:index 0
- 1
=

-> Current -> mark
W ~ dex[ mark.1 I? in:It

2: Current -> tom
tom 2 2<7

E.
&T:worstis when I list.sites - 1 P(n)



Idea of Inserting a Node at index i

Case: addAt(i, e), where i > 0

"useless".
-I getNodeAt(i)-

getNodeAtC-1
-1 ...v

...
needex (it 1.

I.



SLL Operation: Inserting to the Middle of the List

W

↓Beforeopen
e

~

-

w

&
W -ze- 0

X

2 -

->
-

x-

-

· getNodeAt(!0(n)
->
* ...

0(n) I
↳dominated by finding

mode
atindex (t-1)



Lecture 11 - 
Wednesday, February 15



Announcements

• Assignment 2 released
+ Required & Recommended Studies
+ Looking Ahead: Programming Test 1
- Monday, Feb. 27; during class time; WSC; 1 hour
- Covers: 

* Assignment 1 (recursion) 
* Assignment 2 (generic SLL)

• Assignment 1 solution released
me

-> strings.



SLL Operation: Removing the End of the List
3 -z

=D secondlastNode
·(*

X ↓
- * E jababe-collected.

->
X

X On size-1;node
W ↑

w -
*

0(n) -



Exercises: insertAfter vs. insertBefore

Case: insertAfter(Node n, String e)

Case: insertBefore(Node n, String e)

ert

-- given anddetno
-> call 9

V

d
In.getNext

n.
next

-

...

oc ed. nevertiredte↑
ocusmoderbege,beforede

sh

-
...O()& V

·nene..."u



Lecture

Arrays vs. Linked Lists

Singly-Linked Lists -
Comparing Arrays and Singly-Linked Lists



Running Time: Arrays vs. Singly-Linked Lists

0 1 2
a “Alan” “Mark” “Tom”

↓

size,he
->yg azalengeri

SLL:remove it node
↳

given the ref to E-17th mode



Lecture

Arrays vs. Linked Lists

Doubly-Linked Lists -
Intuitive Introduction



Why DLL?

1. performance (e.g. removelast

2. code structure
↳ don'tneed to worry about

edge cases



Doubly-Linked Lists (DLL): Visual Introduction
- A chain of bi-directionally connected nodes
- Each node contains: 
    + reference to a data object
    + reference to the next node
    + reference to the previous node
- A DLL is also a SLL: 

+ many methods implemented the same way
    + some method implemented more efficiently
- Accessing a node in a list:
    + Relative positioning: O(n)
    + Absolute indexing: O(1)
- The chain may grow or shrink dynamically.
- Dedicated Header vs. Trailer Nodes 
  (no head refeference and no tail reference)

next

SLN I -
PLA ele.

ICN
5- 11
-
next

pra tale.
-> removelast lastnode

next

-thatsonthatIelf.
O(K



SLL PLL

-
DLL

header
E-

water
pres-e II I 11
nall ↓ 1miltfor t



Lecture

Arrays vs. Linked Lists

Doubly-Linked Lists -
Java Implementation: Generic Lists
Initializing a List



Generic DLL in Java: DoublyLinkedList vs. Node

-

-4 =5 & list.Leader-

list-
DLL

==list, trailer.
header prev

DrFall sale.
·

S next==?

trailer & Exercise
-

list.trailer

⑧

11nulle 11 ->null
↓all kat

per



the nextdate
24

!
cudderper

OL



Lecture

Arrays vs. Linked Lists

Doubly-Linked Lists -
Java Implementation: Generic Lists
Operations on a List



Generic DLL in Java: Inserting between Nodes

Node<E>
element
next

prev

Node<E>
element
next

prev

pred
succ

Node<E>
element
next

prev

e

Assumption: pred and succ are directly connected.

->assumption:pred, next==sUSS,
SUCC.prer

W =

->
-- pred.

----
->withoutthese two lines,

----

- the newneededmain the chain.-

-> L

--- -
X

---

--
TreU. ---I
next.
e.-



Lecture 12 - 
Makeup for WrittenTest1

(≈ 90 minutes)



Generic DLL in Java: Inserting to the Front/End

Node<String>
element
next

prev

DLL<String>
size

header
trailer

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

pre.d since

pred sure

☒ 1×2

"¥ypved suck

pedf ✓✓Red islam ✓succ ✓✓
nndll .

and"

> →
"Mark"

>
nah t s

>

5
'null



Generic DLL in Java: Inserting to the Middle
Node<String>
element
next

prev

Notes. 
 + getNodeAt(-1) returns the header
 + getNodeAt(size) returns the trailer

DLL<String>
size

header
trailer

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

☐

°

-
.

-

. 0-1

ExeE¥ñg .
-

✓ still dominates
the RT : Ocr)

0

→ sad

in
"

µ,

H% ;Ak^
"

> T.mu
T

5



Generic DLL in Java: Removing a Node

Node<E>
element
next

prev

Assumption: node exists in some DLL.
Node<E>

element
next

prev

Node<E>
element
next

prev

node

✓

-3 :

a RT: 04)②
② I
④

efficient solely
because

""

the ref
of the

node
to

remove
⇒

. . .-

✓ Red ✓ ✓
arc gear

.

. . . . . .

③
. . .

xD
→¥

. . . ndH④

1-
✗ ¥

②



Generic DLL in Java: Removing from the Front/End

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

-

→
✓

too)Enode

404)( ✓
✓_ ✓ ftp.edxjnodegysuaynod-g.se

Exercise
:

X Kunfairy
+ 1- ×

""

×
¥"

t
-

✗ null



Generic DLL in Java: Removing from the Middle

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Tom Alan Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Mark

dominates

[
RT :O
">

→ ①
→

✓ §Éast_
SLL removeAt:

ge-kbdetit-txe.is:1#&per&t-dipH. can
pad node I

-

-1 On ☒ µ s ☒[
⇐ $2

✗ ✗

1- X X



Lecture 2

Part K

Doubly-Linked Lists -
Comparing Arrays, SLL, and DLL



Running Time: Arrays vs. SLL vs. DLL

0 1 2
a “Alan” “Mark” “Tom”

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Tom

→ seeda-FEE-%dd.sk.

↳
move at

pass
node.

⇒dexi:

ÉI
HI

-



Lecture

Implementing ADT in Java

Interfaces



Representations of 2-D Points: Cartesian vs. Polar

Cartesian System Polar System

r * cos(phi)

r * sin(phi)
r

phi

( r * cos(phi), r * sin(phi) )( x, y )

y

x

" """""" "" """
two systems seamlessly.

absddtpfs-HHY-rxs.MXII.
¥ as✗



Example: Cartesian vs. Polar A-3 6
3
.

-

✓
Cartesian System

=

3.EE
✗ of 135+13.53}

☒arsrfstbh to→ point -6 represent = 62

(( try
f- rxs.mu/--2ax1-z=a=
•

⑤ ✗=r*Ffa*EB=a.rs
/



implements

implements

Point p
CartesianPoint

x
y

PolarPoint
r
phi

Interface vs. Implementations
interface used as a static type Then't p. = view-Point ) ;X

""d.

✗ p.gettcsxp.get.TO
'

( :
- →¥r:.

✓ Static .me?hodjy:farees-anTbint
•

. implementations✓ ✓ .

.

-
deferred

O '

DT:PokrPoñ
.

/ took
÷::::iÉwhere

methods

'
'headers of methods",across

packages. I;¥dÉ→ ←
✓

:
absolute position g.

'

relative post
→ → , ↳measured

Tirades
.



Lecture 13 - Monday, February 27



Announcements

• Updated semester calendar
• ProgTest1: Guide & PracticeTest
• Makeup Lecture for WrittenTest1

+ Expected to complete by: March 20



Lecture

Stack ADT vs. Queue ADT

Abstract Data Types (ADTs)



Data Structures

trees, binary trees, balanced BT, BST.

stacks us queues

arrage vs. SLLs vs DLLs



Abstract Data Types (ADTs)calleda diet, callers

A1. input types3. output type
I readers ofmethods description

about

I supplier going
from

client inputs to
output

&
*-in client MUs, heat"

use the service

from supplier Micro



Java API ≈ Abstract Data Types

⑰



Lecture

Stack ADT vs. Queue ADT

Stack ADT -
Last In First Out (LIFO)
Implementations in Java



Stack ADT: Illustration

new stack

push(5)

push(3)

push(1)

pop

pop

pop

isEmpty size top
- d
-

T 0 -isties
F 1 5
-

F 2 3
order W

->AX
- inveis*
- F 3 I Padded:

-

~5,1.
- FB2 I

order in
which

S retrieved:
-

F XI 3- elements1, 3, 5 violated-

- F *O 5 errecond,popin
Pop T o



Implementing the Stack ADT in Java: Architecture
- ADT wrapper

#ransre class

In4.x
Sting 7!32 ...

Int. Being,
s1. push ("A"):
32. push (73) i

String v)
=s1.40PC):

Integer v2 =s2.ppC):



Implementing the Stack ADT using an Array
t

&-exception to push
data ↓

ifstack already S

full.

↳ empty stack ->
no top.

no lonod andgot
-no call

data the top-
↳sd t+1

w ***
S

push(...) **
t

-

bewisdom*gype Edack



atask using
areain Bringof aray:p of stack.

↓new

->102691.46/23/
data

push(z2] ↓makenewtorightby Istheto

pushlates shift =>0(n)

push()



Implementing the Stack ADT using a SLL

Strategy 1

Strategy 2

Exercise
- DLL (firstis top)
- PCL (last is top

where's aslast?
- OCI

xtop
-> I

head -(1) -
tail

O( O(I)

I O( o(I)

**
An
p

09

genee



Lecture 14 - Wednesday, March 1



Announcements

• Makeup Lecture for WrittenTest1
+ Expected to complete by: March 20

• A2 solution: only source code (no solution videos)



Type us. mic My
-

pe jesedavesenderofaeedeclared
any obstine"or"A?

1

oa =nevital (1:
polymorphism. o =
e

types ·ratorsalamistpe
of instance
·a

instanceof



·rphism1dm-- ↑=

& :new DC);
imp version

of Mie)riteas in in
involve g(dynamis +y)

- beridden -version
↓ ↓

ST: A St: C namis

**
09.m() Es binding

verbiod
invoke
in D



Stack ADT: Testing Alternative Implementations

invoke - ST ~ T

iny

the pas

I
-7.

As-

-
poly.~ DTZ

morphism

↓
invoke the

AS

push impin ↳S S*7
-

class↳



Polymorphic Collection (stack w

*A StackA S =New.
newAs
newany descentxA *S.prsh (new (11) =

X I classes ofA
X A
A ?? ↑

↳ W
S.push (new Ass);
s.push (new (1));
. * D A obj =5.pop();&);-

# DT: C DT:A.&j.); ⑭bj.m);



Lecture

Stack ADT vs. Queue ADT

Stack ADT -
Algorithms using the Stack ADT



Algorithm using Stack: Reversing an Array
-> generic parameter

declared atthe method level.

names ->
"ll "ok" "You"- "sanI

- - from Lo= "To "Nark" "

-I -

-

-

Interse-- -

- S -

⑱
S

-

MarkW -A
buffer



->I umatched.
&

3E-EP3
I =
should match
the closest/last

opening
delimeter



Algorithm using Stack: Matching Delimiters
openings

openings

openings

openings

--
E
S

01 2

Enor
-> RT: OCL length of -sno

inputstring. matching
T
tol

- ~E
E end of

input
but

usgatete closing notmatched
when closing materin -(

stack,pty
- not

........

I :.:: *

openings y-pty
------



serands first,-- -15
Postfixnotation

o
anoperator. 3x(4-3)

*** -E* 5
-Infix notation - *(3

=

4)

/ (3 - 4) *5
&
operands



Algorithm using Stack: Calculating Postfix Expressions

Sketch of Algorithm

Input 1: 3 4 5 * -
Input 2: 3 4 - 5 *
Input 3: 5 2 3 + * +
Input 4: 5 4 + 6

≡ 3 - (4 * 5)
≡ (3 - 4) * 5
≡ + 5 * (2 + 3)
≡ 5 + 4 6

16x- 1+25 ->

*5
2+3 =5

--

W
5*5 =25

->5
-- ->*s

E
3 - 20

-T



Lecture

Stack ADT vs. Queue ADT

Queue ADT -
First In First Out (FIFO)
Implementations in Java



Queue ADT: Illustration

new queue

enqueue(5)

enqueue(3)

enqueue(1)

dequeue

dequeue

dequeue

isEmpty size first

First - In First-Out

y
on!

excel
-- ↓
7- TO ⑤B*

~
F I 5

lament
e F 2 5

earlier
an
e

the
a quent, Its

- F 3 5- joins earlier it 9
- F 2 3 the remore.
- F I I

- 0 ->exception!



Implementing the Queue ADT in Java: Architecture



Implementing the Queue ADT using an Array

Agatais ofe
- OCK. hifit
---
-

-

- AgeTne
osten

-

If this

↓ to rescular arrangO(n) ---
OCK.



Lecture 15 - 
Makeup for ProgTest1

(≈ 90 minutes)



Lecture

Recursion: Part II

Examples on Recursion
Binary Search



Binary Search: Ideas

Precondition: Array sorted in non-descending order

a

a.len
gth 

- 1

(a.len
gth 

- 1)/
2

0

Search: Does key k exist in array a?

IN Oxford
dictionary

a 1-

→"' "
⇐ §site of search space :

to keep accessing the middle of the
search space ( halved each time) ¥✗times

&

¥"?¥f%ww the s.p.to size I ② Rear on the left : Kim .

-
Rear on the right: K>m



Binary Search in Java

sorted
from middle to

> input arraysorted

> call by value →Éne the

range of indices
- of the search space .

✓ . .

7¥:*rewrite spaces
last represent

as-uattfsrf%Fe-ws.ve .↳key middleValue

. m. -1 . m.tl



search(a,18)

binarySearchH(a,0,8,18)

binarySearchH(a,5,8,18)

binarySearchH(a,5,5,18)

search(a,7)

binarySearchH(a,0,8,7)

binarySearchH(a,0,3,7)

binarySearchH(a,2,3,7)

binarySearchH(a,2,1,7)

Binary Search: Tracing

0 1 2 3 4 65 7 8
272421181512963a

0 1 2 3 4 65 7 8
272421181512963a

→

B.
.

.
In

space
^

=

y search space
of 1st /

""
"

"
""
"" """" ""

space ftp.i-aiati-E
*
2nd > I

read
"" =D

1 pm;% .

I
Do

<

✓ m.
-15%1=1

I
+ mi .aÑ¥ I
DO

↳ true T.im.
-1



Running Time: Ideas

to from

from
, to

from from
 + 1

to

Base Case: 
Empty Array

Base Case: 
Array of Size 1

Recursive Case: 
Array of size > 1

T(0) = 1

T(1) = 1

T(n) = T(n - 1) + 1

Recurrence Relation

.
04)

og, psubp%ff.ee#
04)

3
4

t.fi#=-4hsnumbers
33
,

=÷%Ihs_ number

si%→%¥ •

⇐ÉÉyTmÉ problem



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = T(n - 1) + 1

→ recurrence
relation
derived from Java imp. of recursive algorithm .

±
In)=T(n +1 Ten -D

= That- D- 1) -1-1+1
" In )=(n - 1) + I

= A
-

nI== Ten -27 Ocr)
= 1-(4-2) - 1)+1+1+1

= .
..nl#.n-EHowma--Y?-zT(1) +1+1 . - . - +1 (n-1 )



Binary Search: Running Time
Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

sorted
from middle to

→ . 0

→ OC1

¥7 = I

→ T(%) + I

→

✓ wrong : ✗
"%'¥?¥.

→ ⇒⇒⇒
L R



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = T(n/2) + 1

once read"G Ten)=T(E) + I
TC1>IEEEddiij.fi?(T(E)- 1) + I
TH47

Assume :n=Étr✗ÉÉ (71%+1)-1.1-1.1
1T£)↳ without loss of

generality .
¥= (71%1+1) -11+1+1
ÉI : Ocbgn)zbg8=23--8̂

= -1 ,
= T(1) +1+1 . . - + I

Ztbyn
How many ?bgn



Lecture 16 - Wednesday, March 8



Announcements

• ProgTest1 results to be released by Friday, March 17
• Makeup Lecture for WrittenTest1, ProgTest1

+ Expected to complete by: March 20



Implementing the Queue ADT using a SLL

Strategy 1

Strategy 2

Exercise
-

1 PL, firstis frontof
g

R2, PLC, lastis fronti

had
lite

OCK 0(1)
v 0(1)

I 0(I)tal! firstof

x

head I



Queue ADT: Testing Alternative Implementations

Prophe
PI E--

-
dynamic
binding.

MarkTom



Exercise: Implementing a Queue using Two Stacks

Queue Operation:
q.enqueue(“alan”);
q.enqueue(“mark”);
q.enqueue(“tom”);
String front = q.dequeue();
front = q.dequeue();
front = q.dequeue();

inStack outStack

OdegrutStack
->

W

when ismanded and- V

E W - "Is empty
-
- &D

& ②- alan

③ fortmake
al
mark ar

a mark tom mark
q
- an to
front*alar tom front -
&> mark -

- of G.



Queue Operation:
q.enqueue(“alan”);
q.enqueue(“mark”);
q.enqueue(“tom”);
String front = q.dequeue();
front = q.dequeue();
front = q.dequeue();

inStack outStack

3LIFE, ju
- FIFO
- -
- O ↓ w

/

↑ ~ gask
2 <g. enqueue("E); W
E font& alan

⑫

↳ ⑭ Aim of markG. dequent); tom tom

Only pop everything off"instack" an
and push to "outStack"if:

mark
Mark

(1) a "front"or "dequent"deman-
Nan Som

ded
1, "outStack"is smpty,



Lecture

General Trees ADT

Terminology, Applications



Trees

art 1. General Trees2. Binary Trees (BTsL
b. [3. Binary Search Trees (BSTs)

4. Balanced BSTs
I i 5. ADT:Priority Rueues

6. Heap fort



Linear vs. Non-Linear Structures

0 1 2
a “Alan” “Mark” “Tom”

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Tom

unigespredecessormiguscessor uniquef ISUCCESSO

- - & I

-

-- . unique
sue, and pred.

->
E

10 M*"w multiple successsignenot nical structureL X

L2 !!!! !!! !!! hirerarsWe levels).
↳3 I! I! I !!!!



- root
- parent
- children
- ancestors
- descendants
- siblings

General Trees: Terminology (1)

Emesto- rokuniques Immediately
parant thetands -

above
node

whose Im

#
↓

nodes sharing the
same parents:

children
of Elsa e.g. Ernesto, Chris



- ancestor
-

node has
& path Every
-

a unique parent.

- A node is

I both its ancestor

- and descendant.

Ancestors ofShirley:Shirleys Elsa, Chris, David.
Descendants ofthe root

Descendants of Ernesto:Ernesto
cover the entire tree.

Descendants of Chris:2,Elsa, Anna, Ss Us 4.



- subtree

General Trees: Terminology (2)

subtitledthesplute
&subtree &

How many subtrees
atElsa are there in the

↑. Itree?8 (# of nodes
- ST

in the tree).

Siz

-Subtree rooted at David. subtree I 5 ST...
rooted

- subtree rooted at Peter. atPeter?
- subtree rooted at Elsa. 8



- external nodes
- internal nodes

General Trees: Terminology (3)
internal

nodescasesfusioness
- creasing

-

earonani



Lecture 17 - Monday, March 13



Announcements

• ProgTest1 results to be released by Friday, March 17
• Makeup Lecture for WrittenTest1, ProgTest1

+ Expected to complete by: March 20



- edge
- path
- depth
- height

General Trees: Terminology (4)

ege. xP
Xgettiniangelightin

C.



Use "depth"to divide tree node into levels.

d=0 height jotetyard?
depth of a node

3 height ofa subtree

d=1

W

d=2 d=0 d =2

d=3 d=1

notbe +d =

2
-
I

mightofsubtreeroot world atheig
Shirley D A

ofedges
to
the

Elsa? I
I of
ancestors

&I



General Trees: Recursive Definition

- root
- size

Case 1:A singleton tree

root->hinull
Case 0:Empty tree
P null

Case 7: > I nodes

root- root-IL
Size =0 ·iden

subtree -- ↓Lowered atand childa
rooted at #
1st
child



General Trees: Ordered vs. Unordered Trees
therenear order at tu->a childen

- - d=1 among samt
1881.

-
L

red-1
unordered!

(d -

tre
>



Lecture

General Trees ADT

Implementing a Generic Tree in Java



Generic, General Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.

O

D
-Bein

17
-># of child nodes

D

-
O

e



Instantiating Generic Structures

dassrodeanErppettheenclass ArraystackEs 9
I

↳
TI

private II data; public TreeNodecE>> 9
public ArayStackcEs () 9 C =(TreeNodecE>[])

X ;
3 daa=(ET)) new Object[-];1=(TreeNodecE>i])

Array.NewIstance (this, getas,
alt.Tremodels, ... (5



Tracing: Constructing a Tree agpar
elsa anna

-
⑰ -

* -

nullD
-

ex G agnar
-Agrain

& ④ o 1 I... 1

- E "
9

An i

fliasingagnargetchildParent,getchildrento]
->
.
Sreee



Tracing: Computing a Node’s Depth

depth(vanessa)

arbitein these

D
- ⑧
- X

-

1 is the root ·
I

1

-

=I +depth(Elsa)
-

=1+1 +depth (chstrictly
smaller

- Problem
- b
-

-

- :ItHyatti-



Tracing: Computing a Tree’s Height

height(chris)

childralnight
&

/ leastnight



Lecture 18 - Wednesday, March 15



Lecture

Binary Trees ADT

Definition, Terminology, Properties



Binary Trees: Recursive Definition

- root
- size

Case 1:A singleton tree

root->hinull
Case 0:Empty tree
I
not-

nill Case 1: I nodes

roof.I
all

Size =0

bads... X_--- rightd

leftee IST RSTrightbest



BT Terminology: LST vs. RST

Strategy of Recursion on BT:
+ Do something on root
+ Recur on LST
+ Recur on RST

e.g., 
+ counting size
+ searching item

search (target, int. M) = 4. equals (t)
search(t, n. left)

I

STZtCA
left)

STif(A. rights
'SearchSt, n.rights

*

**
I I

*Asearchgets externalsthe
*

sizesareideal.)=1+ size (n. left) +Size In. right
3.9.A



Deriving the Sum of a Geometric Sequence

Initial Term: I
Common Factor: r
Number of Terms: k

OI 192 +4 +8 +16 +

...+-
*2 *f.

-

2

I.vo

Sk =7 +I.r +1.22 +1.13 +-.. +I.c

r.Sk = I.r +I.r +I. -... +I.cIrk

1.1 - 1x =(-1).Sk =Iv - 1 =1- 1)
A

↓Si = I. (v-1)
Sk =I.(ik- i) r- 1
r- 1



BT Terminology: Depths, Levels, Max # of Nodes 

Max # of nodes in a BTwith height
⑳ b ⑪
2 +2+ 2-... +2

=>

max
deprintnodes

=1(2+-K =d
Max #Nodes atlevel?Ex, Level?

=2k+ 11 ⑧ 1 =2
x X

I z =2

I ↓A d7
2 4 =22

·
Exercise Max # of nodes

③ from Level 0 to levelA?
⑤

-

D.......h ?2



Complete BT vs. BT
-

S

T

i
k

01 -

ooo...

①-



BT Terminology: Complete vs. Full BTs

h - 2

h = 3 h = 3

h - 1
h h

Min # nodes?
Max # nodes?

Min # nodes?
Max # nodes?

d =0

d =1
Eh-2

d=
=h - 1

d =3h
& d=0

T
-
D

d=h- 1

&s h -
Z

(2
+2 +.. . +2-) +1

h(24+2+... +2k-x +2
2- 1

it... +2 =t



BT Properties: Bounding # of Nodes

For example, say h = 3

Minimum # of nodes Maximum # of nodes

i
-

&->min:
3 +1 =4

->max:2+11 =15

ieinenesse=Bono...
20+2+.. . +2
=2+- 1



BT Properties: Bounding Height of Tree

For example, say n = 7

Minimum height Maximum height

E
-

A=
0

·astagineadengen?I
n =2h+11

b
edges



For example, say h = 3

BT Properties: Bounding # of External Nodes

Minimum # of 
External Nodes

Maximum # of 
External Nodes

Re O

Du

R In t
4 =3 1g
15 =1 deneIIII



For example, say h = 3

BT Properties: Bounding # of Internal Nodes

Minimum # of 
Internal Nodes

Maximum # of 
Internal Nodes

R
=D

I

#nod,O
-

& Fereh-liu-l
0
x2"=Hedgee 2
+.. +2

h V

-00.BT o2-1



Lecture 19 - 
Makeup for WrittenTest2

(≈ 90 minutes)



Lecture

Recursion: Part II (continued)

Merge Sort



Merge Sort in Java

merge

8524 6345
0

left

right 9617 5031

1 2 3

0 1 2 3

list

list.s
ize()

 - 1

list
.si
ze
()/
2

0 list
.si
ze
()/
2 -

 1

middle .EE

sort
,base cases

split
↳ R

✓
soil recursively

sort 4 soil R

✓
results in two sorted subtests

SL SR

Image two sorted subtests

sorted

i i

I v Precondition "# iterations : mail.sizeclsk.s-i.eu)

☒ ✓
Land R sorted oa)

OC1)

(b) # iterations : remaining# of items -61724314560638596 loopoveñthelongertst.(a) + (b) =L.EU)+R-sized



Merge Sort: Tracing
split
merge
→

→

"I 24 31 45 50 63 85 96

✗ .

it 45 b£ 85 1731 >to 96
8524 63 45 17 31 96 to

✗ ^

it Lois ¥63
' Ii ↳I ← % 8 Rn)

8524 6345 17 31 96 to
✗ ^ ^

✓

A

✓ ✓ v ✓ ✓ ✓

85 24 63 45 if 31 46 so
&
°""



Merge Sort: Running Time
Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

✓

""±

⇒
✓

✓ on
✓ ¥É%¥

OH BT I

7- 2.1T£)

=
TC17-1IE)

Total RT : +n

Olbgnx#
=0(

n.hgdheigh.ba#;;gf 014+4 0th
=0L⇒



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = 2 · T(n/2) + n

7- = 1- = {g,
"8

298=8
=mm

In)= 2. 1-(1) + n
= 2- (2.17^-4)+1 > + n [ 4.TH43-1ZN ]

. 22

= ? .(3. t.THD-EI-E-i-n-8.TL#+3n]-

23
;

= zbgh.TED-ibgn.n-n-n.bgnnt.to#=0(n.logn)



Lecture

Recursion: Part II (continued)

Quick Sort



Quick Sort: Ideas

list

list
.si
ze
() 
- 1

0

pivot : ideally the median value of the list
elements

F)Isplit ¥;É,[
Foot

pivot

all tetanus E pivot tall elements > Foot
✓

"Ii land R

soil ) hail )
+ concatenate

→
sorted
version

of input
list

.



Quick Sort in Java

list 85 24 63 45 17 31 96 50

left

right

list

0
sort#-)t

base cases 4"tFÉfP"* put

04 )
all {tenants { pivot tall elements > Foot

✓

"It and R

OH[
.

.

soil ) soil )
tooncatenate

→ 1. Best case: SL SR

µ I6K 1RIe.ci#i:i.wF:::.
"

.

:

Wealth~
or 1121414

✓ ✓ ✓ ✓ ✓ ✓ ✓ ?
I

2445 1731 0¥
85 6396



Quick Sort: Tracing
split
concatenate
→

→

IT 24 31 45 to 63 85 96

I pivot
17 Z4 3IL 45

, aye 63 -85 v96

24 4.5 17 31 8563 96
^ pivot .

✓
IT L24 Gmat: V45 63

'

✓ 85
"

i

<1%247<45> . goucat:
✓

63 263s24 IT +41>+45
+ cab>

✗<> -

y

✗

any
:<stilt

"">

nonfat:<>+64
✓ ✓ At>

- 24 . . -85



Running Time as a 
Recurrence Relation

Quick Sort: Worst-Case Running Time

T(0) = 
T(1) =
T(n) =

-

-

Old)

=

,

I

9 I 7 I 5 I 3 I 7- In-1)+n
I 041

A 91715 l③
1 917 15

1 ¥⑦=
# splits :

[
Exercise : solve by unfolding4 OLD



Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

Quick Sort: Best-Case Running Time login
04 )

I7-1IL

04 ☒a☒☒☒|:
☒☒ - . .☐i☐

7-

I

211th
%
median

E % >

✓ EK11/Exercise.it#eby
sizes equal To> =L Unfolding.FY15-1TW -1-119^-0)+n



Lecture 20 - Wednesday, March 22



Announcements

• WrittenTest2 results to be released by FRI, March 24
• Assignment 3, ProgTest2
• Makeup Lecture for WrittenTest2

+ Expected to complete by: Exam Day

W

~
recen

L

Idehere



Lecture

Binary Trees ADT

Definition, Terminology, Properties



BT Properties: Relating #s of Ext. and Int. Nodes
Induction on Size of Proper BT

⑮UIbeforeext.
afterAtthe
ext.

# of
external

↳ Internatodes
las:Inodeene

*By I.H.: 11 =0

de =vE +1 =(n=+PE =d=+1r
UI +1 A

Inductive Hypothesis: for a proper BT with >1

nodes:XE =11+1
nee

ir."Given a proper BT, extend itby
turning an ext node into an

fr intnode UE =ME-1+2=ME+1
-

⑧ d=
=4I +1

-



Lecture

Binary Trees ADT

Applications



Applications of Binary Trees: Infix Notation

Q. Is the binary tree necessarily proper?

Look- ahead Exercise traversal DHowto pretty-pme
sy Ext. Nodes:numerical constantsthe

tree
numeis

IST:ered Int. Nodes: binary operators
->RST:

a
of - getof

-
4unaif p=1 +4 In



Lecture

Binary Trees ADT

Tree Traversals
Pre-Order, In-Order, Post-Order



General Tree Traversals: Pre-Order vs. Post-Order

Pre-Order Traversal 
from the Root

Post-Order Traversal 
from the Root

-

->

- - -
-

W
Se

-

↳ - I I
parent, then children children, parent-

pre-order (Davids
Chris ElsaShirley

Vanessa Peter
Anna

post-order (Davids

David Ernesto poCelsa) po(funa) Ernestoa.Dand
->PoCErnesto) 4O (Chris) 40 (Ernesto(



Binary Tree Traversals
Pre-Order Traversal

Post-Order Traversal

In-Order Traversal

-
F &-
- --

- T 1 x+313 +- 952746
-
- - -- -

-
- -- POCK post)

⑦
- F

-
- - -9-5 +26

-- - ---

-- ---

*postfix notation!

↓31972+1374 -Ab+



Lecture 21 - Monday, March 27



Announcements

• Assignment 3 due soon
• ProgTest2 guide & practice questions released
• Makeup Lecture for WrittenTest2

+ Expected to complete by: Exam Day

-



Lecture

Binary Search Tree (BST)

Definition and Property



- external node
- internal node
+ LST
+ RST

Binary Search Trees: Recursive Definition search key
* celem.omriteds.

Root BST

+
-
niceinaneentry-

iR -RST(p)E
- fri
~> Key(n)

> key(p)



RI. &2.

&

⑰ .
still
BST. Sabout gt**The re
stred



- BST: Non-Linear Structure
- In-Order Traversal

Binary Search Trees: Sorting Property
w

in-order travers, st notof
Inorder traversal:8172/28293244,465768082

Given a T. that's a BST: BST 28
/

e.g.sector
↓letdetracts"st, root. RST ↓_ynrestled'egrot
-

-

a cSt 12ST
--



Lecture

Binary Search Tree (BST)

Implementing a Generic BST in Java
Tree Construction and Traversal



Generic, Binary Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.

BSiNode<String> M

O att.
*parent

for creating extnodes ifigalemare
e

for creating into
nodes. ↓

extnode.
I beingmereinto mode, null null

...((,)
***!=null

i

#

irecessa



Generic, Binary Tree Nodes - Traversal
not result:

craylist root arraylist
pre-order to:BIs BlsB3

~

↓
root

Bl -
88

W

B2
B3 isit getin
- -

I
->arraylist-

not (root, getleft)

~ Exercise 1. BSTNodecE>[] Tre-order? Mattist
I
Mostorder?2. SLLNode<BSTNodecE> I



Tracing: Constructing and Traversing a BST

parent
key value
left right

parent
key value
left right

parent
key value
left right

Key
(28,"dan

↓ CIs "mark"(35,"tom's
- - -

->- - - ⑪- - -

- -

I - ->
7 -

->
"alan"

- - 28

- - -
- - -

I 4357
- -

nity I- -

-
-

21 35

& extraextrati
Isorting property.

aliasing - vzI
- 12f.get.getget it



Lecture 22 - Wednesday, March 29



Announcements

• Bonus Opportunity - Course Evaluation
• ProgTest1: Jackie (Office Hour)
• Assignment3 solution released, ProgTest2



/ Task2:StatsAssignment3 # CIS *all o

--
at henods

I

Task 1:Rank Tr
on
sum

and
task1 (TN As inti, intj) output, #desce ↓

work · U

(1) ⑨ -2) g o

versntherwe
en
-sum,#de.

Anodes I
in, L

fraversalunsorted. Stravest-ot simultaneous

SLode traversal

fan....
#+ that

1- - .. tuffs



Lecture

Binary Search Tree (BST)

Implementing a Generic BST in Java
Searching



BST operations:
1. Input:a BSsearch

property

remainsit searching criticarompartin the5isit

putl
2.3 Deletion



BST Operation: Searching a Key

Search key 65

Search key 68

&

65 diviated arching
feetde

&xb5 resesersneying
arching bythe-68att X by
<68

↳
A! 680

eliminatedsearch 68
. unsucessful

can store thefear,searchface 2return the ext node that



Tracing: Searching through a BST

(28, “alan”)

(21, “mark”) (35, “tom”)

**
2) < <33

-
nzl

-

- - 33-

-

-
-

-
& &
-

-

-

A
⑧

↑ex extras #f
& O *a Ke
-

between 28

&
- d (in-order and 35canstoredtravers,pup. 49 her?



Running Time: Search on a BST
ARevisit: given N nodes, N

-h=-7

ERyN call I~internal or external .......thing)
↑- OCY

not kityto search Leve!t1---
Ignteft

bast cast.

--
0-

!s cases

-

oi
1

(13) IV
--

↓(worst cases

How
many
loverecursive R needed case 1

cases worst cases is worst

insuccessU
seag update



Binary Search: Non-Linear vs. Linear Structures

8

17

21

28

29

32

44

54

65

76

80

82

88

93

97

8 17 21 28 29 32 44 54 65 76 80 82 88 93 97
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Ful N =15 N =15
S n =5

-

s
- h == =
I e A

·I I

· I
A

-> worst
1989:

I
·

joining
matEst case &

A O(N)
in-order (n1) -in-order(n2) =a · D

I
search (9) correspond ↓

&

d

&

S



Lecture

Binary Search Tree (BST)

Implementing a Generic BST in Java
Insertion



Visualizing BST Operation: Insertion

Insert Entry (28, “suyeon”)

Insert Entry (68, “yuna”)

hyld
be one9, do some replacement
D V V

&28
X
288 & 68
I A -

M
7⑧ ②18

Obt
DI Yagt 682

returned h "Yea 68pA
& start element 68 ----

met N con"RT. D fulhod returnbig
the

"Su * A by unsuccessset .... search
ext, node

⑰ t starching. 1 1 ⑬ store key and he, to this



Lecture

Binary Search Tree (BST)

Implementing a Generic BST in Java
Deletion



Visualizing BST Operation: Deletion
Case 1: Delete Entry with Key 31

Case 2: Delete Entry with Key 80

Case 3: Delete Entry with Key 32
310

&3
2

914,3
↑
cs

to

I -nothing
delete
RT:OCh)

280

SO

So

gettingison



Lecture 23 - Wednesday, April 5



Announcements

• ProgTest1: Jackie (Office Hour)
• Assignment 4 released
• Exam guide to be released



BST

-search property
- sorting property (in-order traversal)

-searching-verculine
- RT:

accurate Ochs
best case OClyn)
Worst case 0 (N)

-insertion (searchings



Visualizing BST Operation: Deletion
Case 1: Delete Entry with Key 31

Case 2: Delete Entry with Key 80

Case 3: Delete Entry with Key 32

Exercise:ImplementCase 3

2 a**310

&3

914,3 32
↑
cs

nothing
to

delete
I

RT:OCh) a
280

SO

So

gettingison



Visualizing BST Operation: Deletion

Case 4.2: Delete Entry with Key 88

Case 4.1: Delete Entry with Key 17

largest,an 88

↑ ik

&

~
Before deletingsofaserie

-88 I
IST. RS

ht-most

↓ E
Exercise

Bitee-



Case 4.2: Delete Entry with Key 88& Choosing 82 or 93 works:

the resulting in-order
traversals are identical.

⑭P0 Replace 88 by 82
② Connect it as the

- child of 65.

Exercise

Compact the in-order
traversal results

4.Targetkey, 88 before & after
the deletion steps



BST
Py

In-order:

es1."PE
?p that,

p

LST RST

⑨ ⑮
Al



Lecture

Balanced Binary Search Tree

Motivation and Property



Worst-Case RT: BST with Linear Height
Example 1: Inserted Entries with Decreasing Keys

<100, 75, 68, 60, 50, 1>

Example 2: Inserted Entries with Increasing Keys
<1, 50, 60, 68, 75, 100>

Example 3: Inserted Entries with In-Between Keys
<1, 100, 50, 75, 60, 68>

100

&

-..

BSTwith
66 height0(N)

↓ (insertion/deltion
e

Se searching
e
O(N)

sar



- internal node
- height
- height balance

Balanced BST: Definition

Q. Is the above tree a balanced BST?
Q. Still a balanced BST after inserting 55?
Q. Still a balanced BST after inserting 63?

Dviolates height-balance prop.

↑
12- 4) > 1

W 5

12-30.4 D

B

B

B B

B

B- · O Ifz:

·2 I 1 · I 12
&B & B B B B B B B B-1. 3...
I

O o 0,0,90,* & B
& O

B

0.0 0 1I
*should be taken to restore the balance. 1 1

00

-> afteritsthattheaupettaareA

V ⑧
exercise

Geig
*

props and
steps



Lecture

Priority Queue

Intro & List-Based Implementations



What is a Priority Queue (PQ) ~moreentry is highesteverymeet priorityelementprovity
↑ - (i.e., lowest

& O & key value)

- any with highestS ↓ priority
the

entries
with

keds thecriouge denoting Compare PR with FIFo queue
I - entries in a FIFO queue

schen
needed, priorityI is returned in chronological order.

doesn't matterofnone) -entries in a PR isreturned
14 according to keifval



List-Based Implementations of Priority Queue (PQ)

(k1, v1) (ki, vi) (kj, vj) (kn, vn)

(k1, v1) (ki, vi) (kj, vj) (kn, vn)

Approach 1: Sorted List

Approach 2: Unsorted List

nighsrity
I

- me ...see... ->

↳ minighestpriority b ↳
&

ki 1 kj
- -... -... ->

↳ ↳ ->



Lecture 24 - 
Makeup for ProgTest2



Lecture

Priority Queue

Heaps -
Examples and Properties



Heaps: Relational Properties of Keys

Property: Each non-root node n is s.t. key(n) ≥ key(parent(n))

1 of the
treeminimum
rooted ↓

Pl. Any leaf-to-root path
~

↑ ane iriority,4 has a sorted seg of
7

75 we
memungestre

ab- kefs.
- lated · &

9
P2. the minimum

~Br key exists in the
hot entry.

43. key values between LST and RST

are notrelated.



Heaps: Structural Properties of Nodes

Property: The tree is a complete Binary Tree
-

I = 13III.If we hi ygzns-E.it =3w.HN =

Him # of nodes : (2^-1)+-1
HATE# of nodes :(2h- 1) +

f) 2h
= 2h"- I

# of nodes at level h = n- (2^-1)



Example Heaps

4

Example 1

4

Example 2

6

4

Example 5

6 8

4

Example 6

8 6

6

Example 3

4

4

Example 4

6

relational
< structural

✗✓ ✓

µµ¥pñj%pb"" É" violating waxing
the
relational✗

654

structuralperiod property property
full .

✓

BTS

⇒
complete É

"
✓É4Éit

.

654

Bts



Lecture

Priority Queue

Heaps -
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Heap Operations: Insertion

Insert a new entry (2, T)
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Heap Operations: Deletion
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Top-Down Heap Construction

Exercise: Build a heap out of the following 15 keys:
<16, 15, 4, 12, 6, 7, 23, 20, 25, 9, 11, 17, 5, 8, 14>

Assumption: Key values supplied one at a time.
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Bottom-Up Heap Construction

Exercise: Build a heap out of the following 15 keys:
<16, 15, 4, 12, 6, 7, 23, 20, 25, 9, 11, 17, 5, 8, 14>

Assumption: Key values supplied all at once.
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Heap Sort: Ideas
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Array-Based Representation of a Complete BT
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